Abstract. We develop a new finite element method for solving planar elasticity problems having discontinuous Lamé constants with uniform meshes. This method is based on the 'broken' P 1 -nonconforming finite element method for elliptic interface problems [23] and a stabilizing technique of discontinuous Galerkin method [2] , [4] , [30] suggested in [21] . We allow the interface cut through the elements, instead modify the basis functions so that they satisfy the traction condition along the interface weakly. We prove optimal H 1 , L 2 and divergence norm error estimates. Numerical experiments are carried out to demonstrate that the our method is optimal for various Lamè parameters µ and λ.
1. Introduction . Linear elasticity equation plays an important role in solid mechanics. In particular, when an elastic body is occupied by heterogeneous materials having distinct Lamè parameters µ and λ, the governing equation on each disjoint domain and certain jump conditions must be satisfied along the interface of two materials [20] . This kind of problems involving composite materials is getting more attentions from both engineers and mathematicians in recent years, but efficient numerical schemes are not fully developed yet. To solve such equations numerically, one usually uses finite element methods with meshes aligned with the interface between two materials. However, such methods involve unstructured grids resulting in algebraic systems which are hard to solve.
Solving linear elasticity equation with finite element methods has been studied extensively and several methods have been developed, see [3] , [10] , [18] and references therein. For lower order methods, when P 1 -conforming element method is applied, the so-called 'locking phenomena' is observed when the material is nearly incompressible ( [1] [5] [6] [11] ). Brenner and Sung [10] showed that the Crouizex-Raviart (CR) P 1 -nonconforming element [16] does not lock on pure displacement problem. But one cannot use this element to a traction-boundary problem since it does not satisfy discrete Korn's inequality. A remedy was recently suggested by Hansbo et al. [21] who exploited the idea of discontinuous Galerkin methods. By introducing a stabilizing term, they proved the convergence of a locking free P 1 -nonconforming method for problems with traction boundary conditions.
Solving problems with composite materials is more difficult. Since the traction condition is naturally imposed along the interface, these belong to the traction boundary type problems, even if the Dirichlet boundary condition is imposed on the boundary of the whole domain. Thus the CR element cannot be used without the stability term. In all of the methods, meshes have to be aligned with the interface. For some work related to the interface elasticity problems, we refer to [7] , [19] , [20] , [28] .
On the other hand, alternative methods which use uniform mesh have been developed recently for diffusion type of elliptic problems. The immersed finite element methods (IFEM) recently developed in [12] , [13] , [23] , [26] , [27] have obvious advantages: simple data structure, no necessity of grid generations, and fast solvers, and so on. The idea of IFEM is to use grids independent of the interface, instead modify the finite element shape functions so that they satisfy the jump conditions along the interface. Similar methods using finite difference were treated in [22] , [24] , [25] , [29] .
In this paper, we develop a new immersed finite element based on the broken CR element with a stabilizing term for a linear elasticity problem involving smooth interface. We modify the basis functions so that they satisfy the natural traction condition along the interface, and prove optimal error estimates. Numerical results which support our theory are included.
The rest of our paper is organized as follows. In section 2, we introduce notations and the problem with a traction interface condition. In section 3, we review a stabilized CR finite element method. In section 4, we define new vector basis functions based on the P 1 nonconforming elements satisfying the traction interface condition weakly, and introduce our discrete problem using the formulation by Hansbo et al. [21] . In section 5, we prove the approximation property of our finite element space and prove H 1 , L 2 and divergence norm error estimates. Finally, numerical experiments are presented in section 6.
preliminaries.
Let Ω be a connected, convex polygonal domain in R 2 which is divided into two subdomains Ω + and Ω − by a C 2 interface Γ = ∂Ω + ∩ ∂Ω − , see Figure 1 . Then the displacement u = (u 1 , u 2 ) of the elastic body under an external force satisfies the NavierLamé equation as follows.
3)
where
are the stress tensor and the strain tensor respectively, n outward unit normal vector, δ the identity tensor, and f ∈ (L 2 (Ω)) 2 is the external force. Here
are the Lame constants, satisfying 0 < µ 1 < µ < µ 2 and 0 < λ < ∞, and E is the Young's modulus and ν is the Poisson ratio. When the parameter λ → ∞, this equation describes the behavior of nearly incompressible material. Since the material properties are different in each region, we set the Lame constants µ = µ s , λ = λ s on Ω s for s = +, −. The bracket [·] means the jump across the interface
2 and applying Green's identity in each domain Ω s , we obtain
Summing over s = +, − and applying the traction condition (2.3), we obtain the following weak form
Then we have the following result [15] , [21] . Theorem 2.1. There exists a unique solution u of (2.1) -(2.3) satisfying
3. A stabilized Crouzeix-Raviart finite element method for the elasticity equation. We briefly review the stabilized version of P 1 -nonconforming finite element method introduced by Hansbo and Larson [21] . Even though this method was introduced for an elasticity equation without interface, it can be also used for an interface problem as long as the grids are aligned with the interface. Let {T h } be a given quasi-uniform triangulations of Ω by the triangles of maximum diameter h whose grids are aligned with the interface. For each T ∈ T h , one constructs local basis functions using the average value along each edge as degrees of freedom. Let
denote the average of a function v ∈ H 1 (T ) along an edge e of T . Let N h (T ) denote the linear space spanned by the six Lagrange basis functions
for j = 1, 2, 3. The Crouzeix-Raviart P 1 -nonconforming space is given by 
The stabilized P 1 -nonconforming finite element method for (2.7) is :
Remark 3.1. Without the stability term, the bilinear form a h (·, ·) does not satisfy the discrete Korn's inequality. Hence the scheme does not yield an optimal result. For a problem without an interface, Hansbo and Larson [21] proved the following result.
Theorem 3.1. Let u be the solution of (2.1) and u h be the solution of (3.1). Then
where 4. Construction of broken P 1 basis functions satisfying traction condition. In this section, we introduce an immersed finite element (IFEM) based on the scheme in the previous section for elasticity problem. This method was first suggested by the author in [23] and proved to be optimal for elliptic problem. For this purpose, we assume a quasi uniform triangulation T h of Ω consisting of triangles of maximum diameter h, which is not necessarily aligned with the interface. Typically we use a uniform grid.
We call an element T ∈ T h an interface element if the interface Γ passes through the interior of T , otherwise we call it a noninterface element. Let T * h be the collection of all interface elements. We assume the followings which are easily satisfied when h is small enough since the interface is smooth:
• the interface intersects the edges of an element at no more than two points • the interface intersects each edge at most once, except possibly it passes through two vertices. The main idea of the IFEM is to use two pieces of linear polynomials on an interface element to form a basis which satisfies the jump conditions. The piecewise linear basis functionφ
These conditions lead to a square system of linear equations in twelve unknowns for each i. In matrix form, we have
T is the vector of the unknowns and
T . With a tedious calculation, we can show that this system has a unique solution regardless of the location of the interface. We skip the details.
Lemma 4.1. The system (4.3) has a unique solution which determinesφ i satisfying (4.2), regardless of the location of the intersections.
We denote by N h (T ) the space of functions generated byφ i , i = 1, 2, 3, 4, 5, 6 constructed above. Using this local finite element space, we define the global immersed finite element space N h (Ω) by
We are ready to define our new discrete problem for (2.7).
where a h (·, ·) is defined as in (3.1).
5. Error Analysis. In this section, we prove an optimal order H 1 and L 2 norm convergence of our scheme. We introduce the following mesh dependent energy-like norm.
It is obvious that the bilinear form a h (·, ·) is continuous and coercive with respect to the norm · a,h .
We introduce some spaces and norms which are required to prove a priori error estimate. For any domain D, we let W 
2 and denote their (semi)-norms by |u| 1,h and u 1,h . We also need subspaces of ( H 2 (T )) 2 and ( H 2 (Ω)) 2 satisfying the jump conditions:
Throughout the paper, the constants C, C 0 , C 1 , etc., are generic constants independent of the mesh size h and functions u, v but may depend on the problem data µ, λ, f and Ω, and are not necessarily the same on each occurrence.
5.1. Approximation property of the immersed finite element space N h (T ). In this subsection, we study the approximation property of N h (T ). The case of P 1 nonconforming element for elliptic problem is shown in [23] .
One of the obstacles in proving the approximation property is to treat the jump conditions along the curved interface. The difficulty lies in the fact that N h (T ) does not belong to ( H 2 Γ (T )) 2 , the restriction of ( H 2 Γ (Ω)) 2 on T , since piecewise linear function cannot satisfy the jump condition along the curved interface Γ. To overcome this difficulty, we introduce a bigger space which contains both of these spaces. For a given interface element T , we consider a function space X(T ) such that every u ∈ X(T ) satisfies
where σ(u)
− are the regions surrounded by Γ and DE (Fig 3) . For any u ∈ X(T ), we define the following quantities: Let In other words, a piecewise linear function φ satisfies the traction continuity along the line segment if and only if it satisfies the same condition along the (curved) interface. Proof. This can be easily proved by Green's theorem since φ is piecewise linear. Lemma 5.2. ||| · ||| 2,T is a norm on the space H 2 (T ) which is equivalent to · X(T ) on X(T ). Proof. Since the terms involving divu are common in both norms, it suffices to prove the equivalence ignoring those terms.
Clearly, ||| · ||| 2,T is a semi-norm. To show it is indeed a norm, assume u ∈ ( H 2 (T )) 2 satisfies |||u||| 2,T = 0. Then |u| X(T ) = 0. Hence u is linear on each of the four regions
along DE by Lemma 5.1. Hence u ∈ N h (T ) and together with the fact that u 1e i = 0, i = 1, 2, 3 and u 2e i = 0, i = 1, 2, 3, we conclude u = 0, which shows that ||| · ||| 2,T is a norm on X(T ). We now show the equivalence of ||| · ||| 2,T and · X(T ) on the space X(T ). (cf. [8, p.77] ). Since u ∈ X(T ), Γ∩T [σ(u)n Γ ] ds = 0. By trace theorem, we have
Hence we see
Now suppose that the converse
fails for any C > 0. Then there exists a sequence {u k } in X(T ) with Thus the relation
The same argument shows that
∂y is also well defined on T . Hence u * ∈ (H 1 (T )) 2 . and u k − u * 1,T → 0. Since
as k, l → ∞, we see that {u k } is a Cauchy sequence in X(T ). By completeness, it converges the a limit in X(T ) which is u * and hence
Now (5.5), (5.6) gives
But this is a contradiction to (5.7), since |||u * ||| 2,T = 0 implies u * = 0.
We define an interpolation operator: for any u ∈ X(T ), we define I h u ∈ N h (T ) using the average of u on each edge of T by
and call I h u the interpolant of u in N h (T ). We then define I h u for u ∈ X(T ) by (I h u)| T = I h (u| T ).
To prove the divergence error estimate, we first need the following property.
Proof. We have Then there exists a constant C independent of v such that
(5.12)
Clearly,
holds. To show the converse, suppose
fails to hold for any C > 0. Then for each s = ±, there exists a sequence {v 
Hence {v k } is a Cauchy sequence with respect to · τ norm, converging to the same limit v * . Hence
and thus v * is piecewise constant and T v * dx = 0. Since
Since T + v k dx and T − v k dx are of the same sign, T + v k dx and T − v k dx → 0. We also have
Since v * is piecewise constant, v * ≡ 0. This is a contradiction since we have v * τ = 1. Applying Lemma 5.4 to div u, we obtain
Now we are ready to prove the following interpolation error estimate.
2 , there exists a constant C > 0 such that
When the condition about the sign change is not satisfied, one has
Proof. First assume the condition of Lemma 5.4 holds. Let T be a reference interface element, Γ be the corresponding local reference interface. Then for anyũ ∈ X( T ), (let us denoteũ = (ũ 1 ,ũ 2 ) and I hũ = (w 1 ,w 2 ))
where we used the properties of the interpolation operator I h , Lemma 5.3 and the fact that H 2 -seminorm of the piecewise linear function I hũ vanishes. By Lemma 5.2 and Corollary 5.2, and scaling argument
When the condition of Lemma 5.4 does not holds, one can proceed exactly the same way without the terms involving divu in the definition of norms · b,T , · X(T ) and ||| · ||| 2,T to obtain the desired estimate.
Consistency error estimate.
Let u be the solution of (2.1). Then since u ∈ (H 1 0 (Ω)) 2 , we see
Then using the facts that
for all v h ∈ N(T ) (cf. Thm 3.1 [9] ), we see
Hence we have
The following type of elliptic regularity estimate is known when the Lamé constants are continuous (cf. [10] ). For a problem with interface, however, such estimate is not known to the author's knowledge. We set the following hypothesis:
5.3. Error estimates. Now we are ready to show our main result. Theorem 5.6. Let u (resp. u h ) be the solution of (2.1)(reps. (4.4) ). Then we have
under the assumption of Lemma 5.4. When the assumption does not hold, one has
If regularity hypothesis (H1) holds, then both estimates can be bounded by Ch f L2(Ω) . Proof. By triangular inequality, we have
From the coercivity and the interpolation error estimate and (5.17), it follows that
So we have
Combining with Theorem 5.5, we have
If the elliptic regularity estimate (H1) holds, then we have
We now show the L 2 -norm estimate: Theorem 5.7. Under the hypothesis (H1), we have
Proof. For a given g ∈ (L 2 (Ω)) 2 , define z as the solution of the dual problem: Then we have by (H1)
Let z h be the corresponding IFEM solution and let e = u − u h . Then we have
By the continuity and Theorem 5.6,
Hence the proof is complete.
6. Numerical results. In this section we present numerical examples. We let the domain Ω = (−1, 1) × (−1, 1) be partitioned into unform right triangles having step size h. Let Ω + = Ω ∩ {(x, y)|L(x, y) > 0}, Ω − = Ω ∩ {(x, y)|L(x, y) < 0}, where L(x, y) = x 2 + y 2 − r 2 0 = 0 represents the interface. The exact solution is chosen as
with various values of µ and λ. Example 6.1. We choose µ − = 1, µ + = 100, λ = 5µ and see the optimal order of convergence in H 1 , L 2 and divergence norms. Table 6 .1 µ − = 1, µ + = 100, λ = 5µ Example 6.2. We test the case of µ − = 1, µ + = 10, λ = 5µ. We observe similar optimal convergence rates for all norms. Table 6 .2 µ − = 1, µ + = 10, λ = 5µ Example 6.3 (Nearly incompressible case 1). We let µ − = 1, µ + = 10, λ = 100µ so that the Poisson ratio is ν = 0.495. No locking phenomena occurs.
1/h
u − u h 0 order u − u h 1,h order divu − divu h 0 order 8 1. Table 6 .3 µ − = 1, µ + = 10, λ = 100µ Example 6.4 (Nearly incompressible case 2). We let µ − = 1, µ + = 10, λ = 1000µ so that the Poisson ratio is ν = 0.4995. Still, no locking phenomena occurs. 
